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3. Functions of a complex variable 37

3 Functions of a complex variable

Reference text: [Ahl79].

The formal definition of a complex number z = z + yi = (x,7) € C := R? is to consider the
field (R?, +, -) with addition and multiplication

(z,y) + (wv) = (@+uwy+v),  (2,9)(v,v) = (zu—yv, v+ yu)
with neutral elements Oc = (0, 0) for + and 1¢ = (1,0) for -.

Note that C cannot be ordered. However, with modulus defined as |z| := /22 + y? € [0, )
and conjugate defined as Z := = — yi, we have the analogous triangle inequalities

[z +w| <lz[+wl, |z —w] = 2] —[w]|

and Cauchy-Schwarz inequality

n n n n
> Zwi| =Dz < D Dzl | D Jwyl?
Jj=1 j=1 j=1 j=1

mentioned earlier in §1.

A complex number z = a + bi can be expressed by polar coordinates:
a+bi=rcosf+1i-rsind

where arg(z) := 0 € (—m,n|. Upon multiplication of two complex numbers, the moduli are
multiplied, and the arguments are added.

s N

Exercise 3.1 ([SRW19, 1.4]). Solve 2% = 64.

Solution. The moduli should always be 2, and the argument # can be any value such that
660 = 2km, k € Ny, 0 € [0,27)

Therefore, there are six possible solutions:

|2cos(km/3) + 2isin(kr/3), k€ [0,5]]

The extension of functions e?, log z, sin z, cos z, etc. should be natural in the sense that many
of the familiar properties of sin, cos, exp, log are retained. We define the complex exponential
function as

etV = ¢ (cos b+ isinb), z=a+bieC
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and the complex sine and cosine functions as

elZ _ e—’LZ eZZ + 6—12

sin(z) = YR cos(z) = 5 , zeC

Exercise 3.2 ((SRW19, 1.1]). Calculate i'.

Solution. Note that i = cos(7/2) + isin(m/2) = €"™/2. Therefore

A solution z of the equation e® = w is called a logarithm of w, denoted z = logw. Every
w € C\{0} has countably many logarithms:

log(w) =log |w| + i - (arg(w) + 27n) , n €7,

and the principal value of the logarithm of w is set for n = 0.

4 Ordinary differential equations

Solvable first-order ODEs

1. Separable:
' = f(z)g(t) = /f(lx)dx:/g(t)dt—i—C

Exercise 4.1 ([SRW19, 1.14]). Find f(x) such that

fl@) = f(z)(1 = f(2))

Solution. Let y = f(x). Then the equation is separable.

2. Homogeneous of degree k for some arbitrary value a:

f(at,ax) = a*f(t, z)
For example, take k = 1,a = 1/t:
o' = f(z/t)
Lety = x/t, we get
yt+y=fy)

which reduces to case 1, a separable equation.
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3. More generally, consider
, axr + bt + ¢
r=fl——
ax + Bt 4+
where a, b, ¢, a, 3,y are constants.

a) If c = v = 0, rewrite it as
ax/t+b

r_
vt <a:v/t + B)
which reduces to case 2.

b) If ¢,y # 0,buta/ae = b/B = 1/k, we let y = ax + bt, then (noting that a is constant so

a = 0)
/ / / yrc
Yy =ax axr af (k;y >

which reduces to case 1, a separable equation.
¢) If ¢,y # 0 and a/a # b/ 3, we solve the system

ar+bt+c =0
ar+pBt+v =0

which must have a solution, say xg, tg. Take y = © — xg, s =t — tg, and we have

%—d—x—f ar+bt+c—0 y ay + bs
ds dt " \Nax+pt+~v-0) " \ay+ps

which reduces to case 3(a).
4. Exact:
M(z,y)dz+ N(z,y)dy =0

is exact if there exists a function g(z, y) such that

99 99
=M N M =_=N ==
dg = M(xz,y)dx + N(z,y) dy, (@,y) = 5~ N(z,y) By
This happens if and only if
oM _ N
oy Oz

Then g(x,y) = C where C' is some constant is the solution to this equation.
5. Integrating factors: if M (z,y) dx + N (z,y) dy is not exact but I(x,y) (M dx + N dy) is, [ is
called an integrating factor.

a) If

is a function of x alone, then

I(z,y) = exp (/g(ﬂﬁ) dw‘)
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b) If

is a function of y alone, then

Then it is reduced to case 4.
6. Linear nonhomogeneous equation:

2/ (t) = k(t)x + a(t)

K(t) := exp {— /tt k(s) ds}

K(t) (2 — ka) = (Ko) = / d(Kx) = / K()a(t)dt + C

We multiply each side by

Then

which yields the result

1 t
z(t) = ——= < K(s)a(s)ds + :U(to)>
K tO

7. Some nonlinear first-order ODEs:
a) Bernoulli:
2'(t) = Fpr + g(t)2", n#0,1

We let y = 2'~™ and have

% =1 -n)z"2' = (1 -n)z™" (f(t)z +g(t)z") = (1 —n) (fy +9)

b) Ricatti:
2 (t) = f(t)x + g(t)z® + h(t)

Suppose we already has a particular solution p(#) so that p’ = fp + gp® + h. Subtract it
from the original equation and let y = z — p:

' —p' = flx —p)+g(x+p)(z—p)
v = fy+g(y+2p)y = () + 9(t)2p(1)) y(t) + g(t)y*(t)

which reduces to a Bernoulli equation.
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Second-order linear ODEs

We start by considering ag, aj real constants for
y"(2) + a1y’ (z) + aoy(z) = 0
Solve the the characteristic function
A+ aih+ag =0
and get two solutions Aj, As.

. Case 1: if A1, A € R, \q # Ao

Ax Aox

Yy = cie + coe

« Case 2: if \; 2 = a £ bi, b # 0 (noting that roots must be conjugate pairs):
y = diel@T 4 doelate — 0% () cos(bx) + o sin(bz))

o Case3:if \{ = g = X

y=(c1+ czas)e’\x

Exercise 4.2 (Baruch). Solve 4y" — 4y’ + y = 0 with initial conditions y(0) = 1,v'(0) = 0.

Solution. Consider 4\2—4)\+1 = 0 whose solutions are A1,2 = 1/2.Ttis a Case 3 scenario,
and thus we let

y = (c1 + cox)e®/?

Plugging the initial conditions, we get ¢c; = 1,co = —1/2.

Now, suppose a1 = p(x), ag = q(x), i.e. we consider
y' (@) +p(2)y () + q()y(z) =0

« Case 1: Suppose p, ¢ are analytic, then we canlet y(z) = >, Ayx® and apply the power
series method.
« Case 2: A Cauchy-Euler equation has the form

2, 1

/
b
ty" +aty +by =0 = y,,+ay J =

— 4+ —==0
t + t2
We assume y = t™ and plugging in we get m? + (a — 1)m + b = 0. Suppose this equation
has two solutions mq 2.
- ifmy #Zmg €R,y = c1t"™ + cot™2.
- if my # mg € C, they are conjugates, so we let m; 2 = a & 37 and have

y =c1-t%cos(Blogt) + ¢y - t“ sin(Blogt)
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— if my = mgy = m, they can only be reals, and we have
y=cy-t"logt+ cy-t™

Indeed, if it is an ODE with higher order, and m becomes a root with multiplicity &,
then the basis solutions are:

t™, t™ logt, t™(logt)?, t™(logt)3, ..., t™(log t)*~*
+ Case 3: the method of Frobenius: the differential equation
W+ p(2)u + g(z)w = 0

has an isolated singular point at the origin if the coefficients p and q are analytic and single-
valued in a disk |z| < R except at z = 0 (analytic in the punctured disk). The origin is a
regular singular point if p has a pole of order at most one and g a pole of order at most two
there. In other words, if the origin is a regular singular point then p(z) = 27! P(z) and
q(z) = 272Q(2) where P and Q are analytic and single-valued in the full disk, including
the origin. We’ll write the standard equation with a regular singular point at the origin in
the form
220" 4+ 2P(2)w’ + Q(2)w = 0.

The functions P and ) then have power-series expansions
[e.9] oo
P(z)=> P, Q(z) =) Qiz"
k=0 k=0
convergent in this disk. Then we seek a solution of the form
o
w(z) = 2# Z apz®
k=0

Now suppose the equation is nonhomogeneous:
y'(@) +p(2)y (@) + q(x)y(x) = r(x),  r(z)#0
First we solve the homogeneous equation by the methods above
y' (@) +p(@)y () + q(2)y(x)
and get a basis of two solutions b; (x), ba(z). We calculate the Wronskian:

b1 b2

Wi(x) :=
=Ty 0,
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and a particular solution p(z) is given as

p(x) = bivy + bavo where v = — / r(x)ba(x) dz, vy = /r(:v)bl(a:) de

W(z) W(z)
Therefore, a general solution is given by

y(l’) = Olbl(l‘) + CQbQ(iL‘) —I—p(x)

Exercise 4.3 ([SRW19, 1.13]). Solvey” — 4y’ + 4y = 1.

Solution. Solving A2 — 4\ + 4 = 0 gives us A\; 5 = 2. Now, since RHS = 1, a particular
solution is easy to guess: y, = 1/4. Therefore, a general solution is given by

y(x) = 1% + c2e®x +1/4

for some constants ¢y, co.




Bibliography

[AhI79]

[Axl14]

[CLRS22]

[DB17]

[GS20]

[HJ85]

[HLP8S]

[JDD13]

[JP10]

[Lax07]

[LeV07]

Lars V. Ahlfors. Complex Analysis. International Series in Pure and Applied Mathe-
matics. McGraw-Hill Education, 1979.

Sheldon Axler. Linear Algebra Done Right. Undergraduate Texts in Mathematics.
Springer Cham, 2014. doi:10.1007/978-3-319-11080-6.

Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford Stein. Intro-
duction to Algorithms. The MIT Press, 4th edition, 2022.

Tobin A. Driscoll and Richard J. Braun. Fundamentals of Numerical Computation. Soci-
ety for Industrial and Applied Mathematics, 2017. doi:10.1137/1.9781611975086.

Geoffrey Grimmett and David Stirzaker. Probability and random processes. Oxford
University Press, fourth edition, 2020.

Roger A. Horn and Charles R. Johnson. Matrix Analysis. Cambridge University Press,
1985. doi:10.1017/CB09780511810817.

G. H. Hardy, John E. Littlewood, and George Pélya. Inequalities. Cambridge University
Press, Cambridge, 1988.

Mark Joshi, Nicholas Denson, and Andrew Downes. Quant Job Interview Questions and
Answers. Pilot Whale Press, 2nd edition, 2013.

Richard Johnsonbaugh and W. E. Pfaffenberger. Foundations of mathematical analysis.
Dover books on mathematics. Dover Publications, Mineola, N.Y, 2010.

Peter D. Lax. Linear Algebra and Its Applications. Pure and Applied Mathematics: A
Wiley Series of Texts, Monographs and Tracts. Wiley, 2nd edition, 2007.

Randall J. LeVeque. Finite Difference Methods for Ordinary and Partial Differential
Equations. Society for Industrial and Applied Mathematics, 2007. doi:10.1137/1.
9780898717839.

229


https://doi.org/10.1007/978-3-319-11080-6
https://doi.org/10.1137/1.9781611975086
https://doi.org/10.1017/CBO9780511810817
https://doi.org/10.1137/1.9780898717839
https://doi.org/10.1137/1.9780898717839

230

[Lo02]

[Mos87]

[MS03]

[MT11]

[Rud76]

[Shro4]

[SRW19]

[Str23]

[Tu1l1]

[Zho08]

BIBLIOGRAPHY

Andrew W. Lo. The statistics of sharpe ratios. Financial Analysts Journal, 58(4):36-52,
July/August 2002. doi:10.2469/faj.v58.n4.2453.

Frederick Mosteller. Fifty Challenging Problems in Probability with Solutions. Dover
Books on Mathematics. Dover Publications, 1987.

David Mayers and Endre Siili. An Introduction to Numerical Analysis. Cambridge Uni-
versity Press, Cambridge, 2003.

Jerrold E. Marsden and Anthony Tromba. Vector Calculus. Springer Finance. W. H.
Freeman, 2011.

Walter Rudin. Principles of mathematical analysis. International series in pure and
applied mathematics. McGraw-Hill, New York, 3rd edition, 1976.

Steven Shreve. Stochastic Calculus for Finance II: Continuous-Time Models. Springer
Finance. Springer New York, 2004.

Dan Stefanica, Rado$ Radoi¢i¢, and Tai-Ho Wang. 150 Most Frequently Asked Questions
on Quant Interviews. Pocket book guides for Quant interviews. FE Press, 2nd edition,
2019.

Gilbert Strang. Introduction to Linear Algebra. Wellesley-Cambridge Press, 6th edition,
2023.

Loring W. Tu. An Introduction to Manifolds. Universitext. Springer New York, NY, 2nd
edition, 2011. doi:10.1007/978-1-4419-7400-6.

Xinfeng Zhou. A Practical Guide To Quantitative Finance Interviews. CreateSpace In-
dependent Publishing Platform, 2008.


https://doi.org/10.2469/faj.v58.n4.2453
https://doi.org/10.1007/978-1-4419-7400-6

	Contents
	Mathematics
	Advanced Calculus
	Functions of a real variable
	Functions of multiple variables
	Functions of a complex variable
	Ordinary differential equations

	Numerical Methods
	Solution of equations by iteration
	Numerical linear algebra
	Finite difference approximations
	Monte Carlo simulation
	Convex and nonsmooth optimization

	Probability Theory
	Combinatorics essentials
	Random variables and their moments
	Limit theorems
	Conditional expectation
	Common distributions
	Joint distribution, covariance, and correlation
	Markov chains
	Stochastic calculus

	Brainteasers
	Paradoxes
	Probabilistic puzzles
	Sequences and number theory puzzles
	Best strategies
	Estimation and market making
	Gambling mathematics


	Programming
	Data Structures and Algorithms
	Time complexity
	Basic data structures
	Sorting algorithms
	Dynamic programming
	Greedy algorithms
	Graph search algorithms

	Object-Oriented Programming
	Encapsulation, Abstraction, Inheritance, Polymorphism
	Constructors, Destructors, Access Control

	Data Management Techniques
	Python NumPy and Pandas
	Structured Query Language (SQL)


	Data Science
	Mathematical Statistics
	Some special distributions
	Introduction to inference
	Construction of estimators
	Confidence intervals
	Statistical tests
	Introduction to Bayesian statistics

	Regression Analysis
	Linear regression
	Generalized linear models
	Prediction

	More topics in Machine Learning
	Tree-based models
	Neural networks
	Natural language processing

	Time Series Analysis
	ARMA models
	Nonstationary and seasonal time series models
	GARCH models


	Finance
	Prerequisites for the Uninitiated
	Economic foundations
	Structure and functioning of financial markets
	The statistics of Sharpe ratios
	Financial crises and their impact
	Financial instruments and valuation
	Risk and performance
	Diversification and asset dynamics

	Fixed Income Fundamentals
	Time value of money and interest rates
	Discount factors, spot and forward rates
	Duration and convexity
	Swap and swaptions
	Forward and futures

	Option Theory Fundamentals
	Put-call parity and arbitrage
	Binomial model
	The Black-Scholes-Merton Model
	American and Asian options
	Sensitivity parameters: the Greeks
	Volatility
	Option portfolios and exotic options

	Bibliography




